Abstract. Results of Avila and Xu asserts that SL(2, R) and Sp(2d, R) cocycles with non-zero Lyapunov exponents are dense in a very general setting. In this paper, we are concerned with stably non-zero exponents. We consider Sp(2d, R) cocycles over partially hyperbolic diffeomorphisms with compact center leaves. We prove that the Lyapunov exponents are non-zero in an open and dense set in the Hölder topology.
Introduction
Results about genericity of zero Lyapunov exponents were announced by Mañé and proved by Bochi [8] : C 0 generically SL(2, R) cocycles are uniformly hyperbolic or have zero Lyapunov exponents. Also Avila [6] proved in a very general setting (including the previous case) that there exists a dense, but not open, set of cocycles with non zero Lyapunov exponents. This was generalized to Sp(2d, R) cocycles by Xu [16] .
On the other hand, the situation changes radically in the context of (Hölder) fiber bunched cocycles. Viana [12] , Avila-Viana [4] , Avila-VianaSantamaria [2] proved that in this class the Lyapunov exponents are generically non-zero, when the base maps are non-uniformly hyperbolic, Anosov and partially hyperbolic accessible volume preserving, respectively. In particular, Theorem A in [2] gives us examples of cocycles with stably non-zero exponents when the base dynamics is a partially hyperbolic, volume preserving and accessible diffeomorphism.
Here, we provide a new construction that does not require volume preserving nor accessibility. In order to do that, let us start with some definitions.
Definitions and Statements
Let G be a linear subgroup of GL(d, R), for some d ∈ N, the linear cocycle defined by a measurable matrix-valued function A : M → G over an invertible measurable map f : M → M is the (invertible) map
Its iterates are given by F n A (x, v) = (f n (x), A n (x)v) where
A(f n−1 (x)) . . . A(f (x))A(x) if n > 0 Id if n = 0 A(f n (x)) −1 . . . A(f −1 (x)) −1 if n < 0 Sometimes we denote this cocycle by (f, A).
Let µ be an f -invariant probability measure on M and suppose that log A and log A −1 are integrable. By Kingman's sub-additive ergodic theorem, see [14] , the limits λ + (A, µ, x) = lim n→∞ 1 n log A n (x) and
exist for µ-almost every x ∈ M . When there is no risk of ambiguity we write just λ + (x) = λ + (A, µ, x). By Oseledets [10] , at µ-almost every point x ∈ M there exist real numbers λ + (x) = λ 1 (x) > · · · > λ k (x) = λ − (x) and a decomposition R d = E 1 x ⊕ · · · ⊕ E k x into vector subspaces such that
f (x) and λ i (x) = lim |n|→∞ 1 n log A n (x)v for every non-zero v ∈ E i x and 1 ≤ i ≤ k. Let Sp(2d, R) be the symplectic subgroup of GL(2d, R), this means that there exists some non-degenerated skew-symmetric bilinear form ω : R 2d × R 2d → R preserved by the group action, i.e: for every v, w ∈ R 2d , ω(Av, Aw) = ω(v, w), in particular for dimension 2, SL(2, R) is a symplectic group for the area form dx ∧ dy. Observe that any GL(2, R) cocycle defines a SL(2, R) cocycle by takingÂ = (1/ det A)A, so positive exponent forÂ means
Define L(A, µ) = λ + dµ, we say that A has positive exponent if L(A, µ) > 0. When µ is ergodic, as we are going to assume later, we have L(A, µ) = λ + (x) for µ-almost every x ∈ M .
2.1. Partially hyperbolicity. A diffeomorphism f : M → M of a compact C k , k > 1, manifold M is said to be partially hyperbolic if there exists a nontrivial splitting of the tangent bundle
invariant under the derivative Df , a Riemannian metric · on M , and positive continuous functions ν,ν, γ,γ with ν,ν < 1 and ν < γ <γ −1 <ν −1 such that, for any unit vector v ∈ T p M ,
All three sub-bundles E s , E c , E u are assumed to have positive dimension. From now on, we take M to be endowed with the distance dist : M ×M → R associated to such a Riemannian structure. Suppose that f : M → M is a partially hyperbolic diffeomorphism. The stable and unstable bundles E s and E u are uniquely integrable and their integral manifolds form two transverse continuous foliations W s and W u , whose leaves are immersed sub-manifolds of the same class of differentiability as f . These foliations are referred to as the strong-stable and strong-unstable foliations. They are invariant under f , in the sense that
where W s (x) and W s (x) denote the leaves of W s and W u , respectively, passing through any x ∈ M . A partially hyperbolic diffeomorphism f : M → M is called dynamically coherent if there exist invariant foliations W cs and W cu with smooth leaves tangent to E c ⊕ E s and E c ⊕ E u , respectively. Intersecting the leaves of W cs and W cu one obtains a center foliation W c whose leaves are tangent to the center sub-bundle E c at every point. LetM = M/W c be the quotient of M by the center foliation and π : M →M be the quotient map. We say that the center leaves form a fiber bundle if for any W c (x) ∈M there is a neighbourhood V ⊂M of W c (x) and a homeomorphism
smooth along the verticals {d} × W c (x) and mapping each vertical onto the corresponding center leaf d.
Remark 2.1. If f is a volume preserving, partially hyperbolic, dynamically coherent diffeomorphism in dimension 3 whose center foliation is absolutely continuous and whose generic center leaves are circles, then, according to Avila, Viana and Wilkinson [5] , all center leaves are circles and they form a fiber bundle up to a finite cover.
We define the center Lyapunov exponents of f : M → M as
and
Again by the Oseledets theorem, this limits exist for µ-almost every x ∈ M . We say that f : M → M has zero center Lyapunov exponent if
Remark 2.2. When all the center Lyapunov exponents of f are non-zero, the problem falls in the hypothesis of Viana [12] . In this work we deal with the case of zero center Lyapunov exponents, where the previous techniques fails.
2.2. Statements. From now on let f : M → M be a partially hyperbolic diffeomorphism, dynamically coherent with compact center leaves that form a fiber bundle, µ is an ergodic invariant measure with zero center Lyapunov exponent.
The fiber bundle condition gives that the quotientM = M/W c is a topological manifold, and the induced mapf :M →M is a hyperbolic homeomorphism: Definition 2.3. Given anyx ∈M and ǫ > 0, we define the local stable and unstable sets ofx with respect tof by
respectively. We say that a homeomorphismf :M →M is hyperbolic whenever there exist constants C, ǫ, τ > 0 and λ ∈ (0, 1) such that the following conditions are satisfied:
and W u ǫ (ỹ) intersect in a unique point which is denoted by [x,ỹ] and depends continuously onx and y.
Letμ = π * µ, we say that µ has partial product structure if there exist measures µ s on W s ǫ (x) and µ u on W u ǫ (x) such that locallyμ ∼ µ s × µ u (this measures are equivalent), we also assume supp(μ) =M .
Let us denote by H α (M ) the space of α-Hölder continuous maps A : M → Sp(2d, R) endowed with the α-Hölder topology which is generated by norm
A cocycle generated by an α-Hölder function A : M → Sp(2d, R) is fiberbunched if there exists C 3 > 0 and θ < 1 such that
for every x ∈ M and n ≥ 0.
The main result of this work is
Theorem A. Let f : M → M be a partially hyperbolic with compact center leaves that form a fiber bundle and let µ be an f -invariant ergodic measure with zero center Lyapunov exponent and partial product structure. Then the Lyapunov exponents relative to µ are non-zero in an open and dense subset of the fiber-bunched cocycles of H α (M ).
This theorem will be a consequence of the following:
Theorem B. Let f : M → M be a partially hyperbolic with compact center leaves that form a fiber bundle and let µ be an f -invariant ergodic measure with zero center Lyapunov exponent and partial product structure. Let A : M → Sp(2d, R) be a fiber bunched cocycle such that the restriction to some periodic center leave of f has positive Lyapunov exponents. Then A is accumulated by open sets of cocycles with positive Lyapunov exponents.
We also study sub-sets of continuity of the Lyapunov exponents for G = SL(2, R).
Definition 2.4. Given an invertible measurable map g : N → N an invariant measure η (not necessarily ergodic) and an integrable cocycle A : N → SL(2, R) we say that A is a continuity point for the Lyapunov exponents if for every {A k } k converging to A we have that λ
Observe that as A k → A this implies that sup k A k is bounded and consequently λ + A k is also bounded. Thus, since we are dealing with probability measures, convergence in measure is equivalent to convergence in L 1 η . This is the classical definition of continuity of Lyapunov exponents when the measure is ergodic. An interesting question is if in this context the Lyapunov exponents are continuous.
In general this is not true. For example, take a volume preserving Anosov diffeomorphism g : T 2 → T 2 , θ ∈ R irrational and define
this is a volume preserving partially hyperbolic diffeomorphism. By Wang [15] there exist discontinuity points for the Lyapunov exponents for monotonic cocycles in the smooth topology, let A : T 1 → T 1 be one of this with t → t + θ. Then it is easy to see that the cocycleÂ :
A(x, y, t) = A(t) over f is a discontinuity point for the Lyapunov exponents.
With an additional condition in a center leave we can find open sets of continuity.
Theorem C. Let f : M → M be a partially hyperbolic with compact center leaves that form a fiber bundle, and let µ be an f -invariant ergodic measure with zero center Lyapunov exponent and partial product structure. Let A : M → SL(2, R) be a fiber bunched cocycle whose restriction to some periodic center leave of f has positive Lyapunov exponent and is a continuity point for the Lyapunov exponents. Then A is accumulated by open sets restricted to which the Lyapunov exponents vary continuously.
An interesting question is whether these hypotheses are open or generic in some topology. We study the case when the center leaves are circles and f : M → M acts by rotations in the central leaves.
Following Avila-Krikorian [1] , given ǫ > 0, we say that a function f :
This definition extends to functions defined on S 1 = R/Z and taking values on S 1 by considering the standard lift. We say that A :
Avila-Krikorian proved in [1] that the Lyapunov exponents are continuous functions of ǫ-monotonic cocycles. Moreover, the set of ǫ-monotonic cocycles is an open subset of H 1 (S 1 ).
Thus as corollary we have:
, where g : M → M is an Anosov diffeomorphism such that there exists a g-periodic point p ∈ M with θ(p) ∈ R \ Q, and let µ be an f -invariant ergodic measure with partial product structure. Let
Then the Lyapunov exponents vary continuously in an open and dense subset of H ǫ p .
Invariant holonomies
At this section we introduce the key notion that we are going to use in the proof of Theorem B, namely invariant holonomies.
Fix f : M → M and A ∈ H α (M ) as in the hypotheses of Theorem B.
Definition 3.1. Givenx ∈M andỹ ∈M , such thatỹ ∈ W s (x), we can define the stable holonomy h s x,ỹ : W c (x) → W c (ỹ) as the map which assigns to each t ∈ W c (x) h s x,ỹ (t) the first intersection between W s (t) and W c (ỹ). Analogously, forz ∈ W u (x) we define the unstable holonomy
changing stable by unstable manifolds.
Definition 3.2. We say that A admits strong stable holonomies if there exist, for every p and q ∈ M with p ∈ W s loc (q), linear transformations H s,A p,q : R 2d → R 2d with the next properties:
( 
We also denote by F : M × RP 2d−1 → M × RP 2d−1 the induced projective cocycle.
3.1. Invariance principle. Let P : M × RP 2d−1 → M be the projection to the first coordinate, P (x, v) = x, and let m be a F -invariant measure on M × RP 2d−1 such that P * m = µ. By Rokhlin [11] we can disintegrate the measure m into {m x , x ∈ M } with respect to the partitions P = {{p} × RP 2d−1 , p ∈ M }, and into {mx,x ∈M } with respect to the partition Denote by fx :
. By the f -invariance of µ we have that
forμ-almost everyx ∈M . From the continuity of the disintegration it follows that, this relation is true for every x ∈ suppμ. So, forp ∈M fp
We can characterize the cocycles accumulated by cocycles with zero exponents, and also, in the SL(2, R) case, the discontinuity points for the Lyapunov exponents using the next proposition, whose proof is well known but is included for completeness:
is accumulated by cocycles with zero Lyapunov exponents, then there exists some F A -invariant measure m, suinvariant, that projects to µ. Also, if the cocycles takes values in SL(2, R) and A is a discontinuity point for the Lyapunov exponents, then every F Ainvariant measure m that projects to µ is also su-invariant First we need the next lemma:
We are going to prove that the measure m restricted to V × RP 2d−1 is u-invariant, as the local charts cover M this will prove the Lemma. From now on we are going to use this local coordinates.
We have that π * µ = ρµ u ×µ s , and lets writeq = (p, p s ), also for x ∈ W u ǫ (p) lets call λ k x = dm k x,y dµ s (y). Let M u k be the µ total measure set given in (a ′ ), we assume that q is such that λ k p -almost every (y,
be the holonomy defined in (1) for A k , and let ψ : V × RP 2d−1 → R be a continuous function, then by the u-invariance (2)
restricting to a subsequence we may assume that (λ k p ) k∈N converges to some measure λ p , then
so, integrating with respect to µ u both sides of (2) and making k → ∞ by the dominated convergence theorem we have
then by the uniqueness of the Rokhlin disintegration
this proves the claim.
Proof. Take (A k ) k∈N converging to A such that L(A k , µ) = 0. Take m k to be F A k -invariant measures projecting to µ, then by the invariance principle [4] , this measures are su-invariant. Take a subsequence such that m k converges to some m, by lemma 3.1 this measure is su-invariant. For the second part, lets suppose that an SL(2, R) cocycle A is a discontinuity point for the Lyapunov exponents. We have that L(A, µ) > 0, otherwise A is a continuity point, then by [7 If A is a discontinuity point then there exist (
taking a subsequence we can suppose that m u k converges to some m = am u + bm s with b = 0, then we have that m is u-invariant, so m s = b −1 (m − am u ) is also u-invariant, hence every a ′ m u + b ′ m s is u-invariant.
As λ + (A) = −λ − (A) the proof of s-invariance follows analogously.
Proposition 3.6. If m is su-invariant then m admits a continuous disintegration {mx,x ∈M } in supp(μ) with respect toP. Moreover, for everỹ x ∈ supp(μ) andỹ ∈ supp(μ) in the same * -leaf, * ∈ {s, u},
Proof. Let us prove for * = u, the case * = s is analogous. Takex ∈M and y ∈M in the same unstable leaf and such that µ c x -almost every x ∈ W c (x) belongs to M u and µ c y -almost every y ∈ W c (ỹ) belongs to M u . Then
Considering B y = B ∩ {y} × RP 2d−1 we have
proving that the disintegration {mx} is u-invariant. Analogously we can find a total measure set such thatmx is s-invariant. Using [4, Proposition 4.8] we conclude that m admits a disintegration continuous in supp(μ) with respect to the partitionP, which is s and u invariant. Now the continuity implies that (3) is true for everyx ∈ supp(μ). Thus
for everyx ∈ supp(μ) andỹ ∈ supp(μ) in the same unstable leaf (analogously for the stable holonomies) as claimed.
Symplectic transvections
The results of this section can be found in the thesis of Cambrainha [9] , for completeness we rewrite the statements and the proofs.
A linear map τ : R 2d → R 2d is called a transvection if there are a hyperplane H ⊂ R 2d and a vector v ∈ H such that the restriction τ | H is the identity on H and for any vector u ∈ R 2d , τ (u) − u is a multiple of v, say τ (u) − u = λ(u)v where λ is a linear functional of R m such that H ⊂ ker λ.
For later use, let us recall the following characterization of symplectic transvections of (R 2d , ω). If τ ∈ Sp(2d, R) is a transvection of the form
Taking u ′ such that ω(u ′ , v) = 1 and denoting a = λ(u ′ ), we get the general formula for a symplectic transvection:
Of course, every transformation of this form is a symplectic transvection (fixing the hyperplane (Rv) ⊥ ).
Lemma 4.1. Let (E, ω) be a 2d-dimensional symplectic vector space and let V and W be subspaces of E with complementary dimensions (i.e., dim(V ) + dim(W ) = 2d). Suppose that V ∩ W has dimension k > 0. Then, there exist k symplectic transvections σ 1 , . . . , σ k arbitrarily close to the identity such that Note that V 0 = V + W and V 1 = (Rv 1 ) ⊥ are hyperplanes of E. Take u 0 / ∈ V 0 ∪ V 1 and ε > 0. Denote by σ : E → E the symplectic transvection associated to u 0 and ε:
By definition, the symplectic transvection σ becomes arbitrarily close to the identity as close to the identity by taking ε > 0. Moreover, we claim that
for some numbers α 1 , . . . , α m and β 1 , . . . , β 2d−m . If we write σ(v i ) = v i + K i u 0 with K i = ε ω(v i , u 0 ), this equality implies that
Since u 0 / ∈ V 0 , the set {v 1 , ..., v m , w 2 , ..., w 2d−m , u 0 } is a basis of E. Thus, all coefficients in (5) are zero:
From the second and the fourth equations above, we deduce that α 1 K 1 = 0, i.e., ε α 1 ω(v 1 , u 0 ) = 0. Since u 0 / ∈ V 1 means that ω(v 1 , u 0 ) = 0, it follows that α 1 = 0 and, a fortiori, v = 0. This proves our claim, so that the first step of the induction argument is complete.
Let us now perform the general step of the induction. Suppose now that the lemma is true for k − 1, and let V ∩ W = span{v 1 , . . . , v k }. In this case, we can find basis for V and W such that
and consider the symplectic transvection
Any element v ∈ σ k (V ) ∩ W can be written in a similar way to (4) . From this, we have that:
Since our choice u 0 / ∈ V 0 implies that the vectors {v 1 , ..., v m , w k+1 , ..., w 2d−m , u 0 } are linearly independent, one has:
The second and fourth equations imply that
By induction hypothesis, there are σ 1 , . . . , σ k−1 symplectic transvections arbitrarily close to the identity such that
This completes the proof of the lemma.
The conclusion of the previous lemma is an open condition: B(V ) ∩ W = {0} for every B sufficiently close to the symplectic automorphism σ provided by this lemma. By recursively using this fact and the previous lemma, we deduce that: Corollary 4.2. Let (E, ω) be a 2d-dimensional symplectic vector space and let {(V j , W j ) : 1 ≤ j ≤ m} be a finite collection of pairs subspaces of E with complementary dimensions (i.e., dim(V j ) + dim(W j ) = 2d for all 1 ≤ j ≤ m). Then, there exists a symplectic automorphism σ arbitrarily close to the identity such that
Proof of Theorem B
Observe that π −1 of thef -periodic points are f -periodic center leaves. To simplify notation let us assume that there exists af -fixed pointp, i.e: f (p) =p (since all the arguments and results are not affected by taking an iterate).
Fix a pointp ∈M andz ∈M a homoclinic point forp as before, let us call K = W c (p). Define h : K → K (see figure 1) by
Then if m is an su-state we have that H A t * m t = m h(t) for µ c p -almost every t ∈ K.
Take A | K : K → Sp(2d, R). This defines a linear cocycle over fp with invariant measure
be the Lyapunov exponents of this cocycle. We say that A ∈ H α (M ) is Weakly pinching if there exists a periodic
Lemma 5.1. For every A weakly pinching there existsÂ ∈ H α (M ), arbitrary close to A with that A | K =Â | K , such thatÂ does not admit any su-invariant measure.
Proof. Assume that A admits an su-invariant measure m, as A | K has positive Lyapunov exponents there exists a set with positive µ c K measure such that λ i (t) > λ i+1 (t) for some 1 ≤ i ≤ 2d, as we have finite possibilities
of i we can take some positive measure set K ′ ⊂ K such that, for every 
. . , j − 1 are disjoint. The su-invariance implies that m h j (t) = (H positive measure subset of t ∈ K ′ such that supp(m h j (t) ) ⊂ V ′ h j (t) and dim V ′ < dim V s .
We can repeat the argument taking a different homoclinic pointz 2 (i.e the orbit ofz 2 is not in the orbit ofz) with V ′ instead of V s such that the new perturbation does not affect the cocycle in the orbit ofz. Inductively we can do this with less than d pointz i to get that supp(m t ) = ∅, for t in a positive measure set, a contradiction.
Then the perturbedÂ does not admit any su-invariant measure.
Now we can prove Theorem B.
Proof of Theorem B. By Lemma 5.1 there existsÂ, arbitrary close to A, weakly pinching that does not admit any su-invariant measure, by the invariance principleÂ has positive exponent and also by Proposition 3.4Â is not accumulated by cocycles with zero exponents, then it is stably nonuniformly hyperbolic.
Proof of Theorem A
To prove Theorem A we need the following Proposition:
Proposition 6.1. Let f : M → M and µ be as in the hypotheses of Theorem A, then there exist a dense set of H α (M ) weakly pinching.
Proof. To prove Proposition 6.1 let us recall some results. We say that an f -invariant measure µ is non-periodic if for every k ∈ Z f k | supp µ is not the identity map. By Xu [16] in a very general topology (including the H α (M ) topology) there exists a dense set of cocycles with L(A, µ) > 0. So if there exist somef -periodic point such that µ c p is nonperiodic we are done. Now we deal with the case that for everyf -periodic pointp ∈M , there exist k(p) such that f k(p) p | supp µ c p = id. Asf is an hyperbolic homeomorphism there exist periodic points of arbitrary large period, then as k(p) is at least the period ofp we have arbitrary large k(p). Observe also that in this case the Lyapunov exponents at a point t ∈ π −1 (p) are the logarithm of the eigenvalues of A k(p) (t), lets call the L(A(t)) the logarithm of the largest eigenvalue of A k(p) (t). Now, taking
for a generic A we have that for an n-periodic point there exists an O( 1 n ) dense set with L(A θ (t)) > 0 (see [16, Lemma 3.4] ), so takingp such that k(p) is very large we can take θ small such that A θ is close to A. So we have at least one point t ∈ π −1 (p), in the support of µ c p , such that A k(p) has positive eigenvalues, then as all the points in π −1 (p) have period k(p), subset of H ǫ p arbitrarily close to B of continuity points for the Lyapunov exponents.
